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Reduced-Order Modeling of Unsteady Viscous Flow
in a Compressor Cascade
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A simultaneously coupled viscous– inviscid interaction (VII) analysis is used to model the unsteady viscous sep-
arated � ow through a subsonic compressor. The inner viscous � ow around the airfoil and in the wake is modeled
using a � nite difference discretization of the boundary-layer equations and a one-equation turbulence transport
model. The outer inviscid � ow is modeled using a variational � nite element discretization of the compressible full
potential equation. The viscous and inviscid regions are simultaneously coupled using a injection type boundary
condition along the airfoil and wake. The resulting nonlinear unsteady equations are linearized about the nonlin-
ear steady � ow to obtain a set of linear equations that describe the unsteady small-disturbance behavior of the
viscous � ow through the cascade. The discretized small-disturbance VII equations are used to form a generalized,
quadratic, non-Hermitian eigenvalue problem that describes the eigenmodes (natural modes) and eigenvalues
(natural frequencies) of � uid motion about the cascade. Using a Lanczos algorithm, the eigeninformation is com-
puted ef� ciently for various steady � ow in� ow angles and unsteady interblade phase angles. The eigenvalues and
eigenmodes are then used in conjunction with a classical mode summation technique to construct computationally
ef� cient reduced-order models of the unsteady � ow through the cascade. Using just a few eigenmodes, less than
0.01% of the total number, the unsteady aerodynamic loads acting on vibrating airfoils (the aeroelastic stability
problem) can be ef� ciently and accurately computed over a relatively wide range of reduced frequencies provided
that one or more static corrections are performed. Finally, the eigenvalues and eigenvectors provide physical in-
sight into the unsteady aerodynamic behavior of the cascade. For example, we show the ability of the present
eigenanalysis to predict purely � uid mechanic instabilities such as rotating stall.

I. Introduction

S TALL � utter and rotatingstall place fundamentallimitationson
aircraft engine performance and remain persistent problems in

the developmentof axial compressorand fan stages.Rotatingstall is
a purely � uid mechanic instability,whereas stall � utter is an aeroe-
lastic instability involving both blade vibration and � uid motion.
Both stall � utter and rotating stall tend to occur when the blades of
a compressor or fan are operating at high-incidence angles and/or
part speed, and it is believed that unsteady viscous � ow separation
plays a key roll in both of these phenomena.1 – 3

Most unsteady aerodynamic models used in industry do not ade-
quatelymodel the essentialunsteady� ow separationor, on the other
hand, are computationally expensive. For example, time-marching
Navier–Stokes solvers are perhaps the most sophisticated models
available to predict unsteady � ow separation. They have the added
advantagethat they are relativelystraightforwardto implement, and
they can model both linear and nonlinear unsteady � ows. How-
ever, time-marching Navier–Stokes codes are computationally too
expensive for use in routine design studies. Furthermore, they pro-
vide little physical insight into the nature of unsteadycascade � ows
other than through expensive and time-consumingparametric stud-
ies. Also, Navier–Stokes models have many thousands of degrees
of freedom making them dif� cult to use in the design of active con-
trol systems for the prevention of rotating stall and � utter, a topic
of increasing interest. What is needed are so-called reduced-order
models of the unsteady� ow in cascades,models that containa small
number of degrees of freedom but nevertheless can accurately pre-
dict unsteady � ows.
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Over the years, researchers have used a variety of reduced-order
models to analyze unsteady � ows. Reduced-order modeling tech-
niquescan be groupedinto two broadcategories:simpli� ed physical
models and mathematically reduced computational � uid dynamic
models. In the case of simpli� ed physicalmodels, gross simpli� ca-
tions of the � uid mechanics in a cascade are made based on some
physical insight into the nature of the unsteady � ow. Examples of
this approach include Whitehead’s4;5 actuator-disk theories for in-
compressibleunstalled� utter.Kaji and Okazaki6 developedsemiac-
tuator disk theories for subsonic unstalled � utter. Adamczyk et al.7

and more recently Gysling and Myers8 incorporated empirical cor-
relations of pressure rise characteristics into actuator disk theories
to produce low-ordermodels of stall � utter. Similarly,Greitzer2 and
Moore and Greitzer3 developed semi-empirical semiactuator disk
models of rotating stall and surge. Such physically based, reduced
models have the advantage that the unsteady aerodynamicbehavior
is described by a small set of equations and, thus, are computa-
tionally quite ef� cient. Furthermore, the simplicity of these models
provides physical insight in the fundamental physical mechanisms
at work (or perhaps it is the physical insight of the aerodynami-
cist that provides the simpli� cation). However, the assumptions on
which these models are built restrict their applicability to low fre-
quencies and low interblade phase angles. Thus, although they are
well suited for the rotating stall problem, they are of limited accu-
racy for the stall � utter problem that typically occurs at moderate
reduced frequencies (of order unity) and moderate interbladephase
angles, i.e., not necessarily close to zero. Furthermore, because the
physicallybased models are ad hoc, it is dif� cult to estimate a priori
the errors introducedby the modeling assumptionsor to predict cer-
tain � ow features in detail, e.g., the motion of the separation point
on the airfoil.

A number of investigators have developed mathematically de-
rived reduced-ordermodels. One approach is essentially to curve � t
the unsteady aerodynamic transfer function.9– 13 The approximate
time-domain representationis usually taken to be a sum of exponen-
tials so that the resultingLaplace transformis a rational polynomial.
The parameters in the approximation, such as the time constant of
the exponentials or the constant multiplying each exponential, are
found by minimizing the error between the approximation and the
exact solutionat a � nite numberof frequencies.This approachhas a
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numberof dif� culties.For example, theprocessmust be repeatedfor
each type of blade motion (pitching,plunging, etc.). Also, although
mathematically useful, this sort of curve � tting provides little in-
sight into the physics of the unsteady � ow� eld because no modal
information is obtained.

More recently, a number of reduced-ordermodels have been de-
veloped based on classical eigenmode summation techniques. Us-
ing this approach, the unsteady � ow about a cascade of airfoils,
or about an isolated wing or airfoil, is assumed to be composed
of eigenmodes (natural modes of � uid motion), each mode corre-
sponding to an eigenvalue (natural frequency of � uid motion). The
eigenmodes and eigenvalues are found by solving a large sparse
eigenvalueproblem based on the discretized � ow equations.Maha-
jan et al.14 computed the eigenvaluesof unsteady � ow over isolated
airfoils. The unsteady � ow was modeled with a nonlinear Navier–
Stokes solver. Hall15 computed the eigenvalues and eigenvectors
of an unsteady incompressible vortex lattice model of � ows about
two-dimensional cascades and isolated airfoils and then used this
informationto constructreduced-ordermodels.Hall et al.16 and Flo-
rea and Hall17 constructed eigenmode-basedreduced-ordermodels
of time-linearized frequency-domain unsteady compressible � ow
about two-dimensionalcascades and an isolated airfoil. Around the
same time, Romanowski and Dowell18;19 developed reduced-order
models based on the eigenmodesof a linearized time-domain Euler
solver.

In this paper, we develop a computationally ef� cient reduced-
ordermodel of unsteady two-dimensionalviscous� ows in cascades
based on the classical mode summation method. Toward that end,
we � rst developa simultaneouslycoupled viscous– inviscid interac-
tion (VII) model of unsteady � ow in cascades. The model is similar
to one originally developed by Cizmas and Hall20;21 but differs in
that the presentmodel uses theone-equationSpalart–Allmaras22 tur-
bulence model rather that the algebraic Cebeci–Smith model23 and
the effect of wake curvature is taken into account. We use the VII
model and the accompanyingreduced-ordermodeling technique to
investigateboth � uid–structureinstabilities(� utter) and purely � uid
dynamic instabilities,e.g., rotating stall. We show that the unsteady
aerodynamicresponseassociatedwith stall � utter can be accurately
represented with just a handful of � uid eigenmodes, provided that
one or more so-called static corrections are used to account for the
neglected eigenmodes. Moreover, the eigenfrequenciesand eigen-
modes themselves provide physical insight into the behavior of the
unsteady � ow. For example, we are able to predict what appears to
be rotating stall using the present method.

II. Theory
To predict the details of stall � utter and/or rotating stall in turbo-

machinery cascades, it is essential to model unsteady � ow separa-
tion. Fortunately,formany casesof practicalinterest,viscouseffects
are con� ned to thin regionsnear the airfoil surface and wake. Under
these circumstances, the � ow can be divided into an inviscid outer

a) Inviscid outer � ow domain b) Inner viscous � ow domain around airfoil and wake

Fig. 1 Computational domains used to compute � ow through cascade.

region and a viscous inner region. The governing equations of mo-
tion are discretizedon separate computationalgrids in each of these
two regions (see, e.g., Fig. 1). The two regions are then coupled
together by matching boundary conditions at the inner boundary of
the outer � ow and the outer boundary of the inner � ow. Commonly
used couplingproceduresmay be classi� ed under the followingcat-
egories: direct, inverse,24 semi-inverse,25– 29 quasisimultaneous,30

and simultaneous.20;21;31¡34 With the exception of the direct cou-
pling, all these coupling procedures can be used for solving � ows
with separation.The method described in the following is based on
the simultaneous coupling described in Refs. 20, 21, and 34.

A. Inviscid Outer Flow
In this paper,we model low-speed� ow in a compressor.The outer

� ow is assumed to be inviscid, irrotational, two-dimensional, and
non-heat-conducting and to have constant speci� c heats. Because
the � ow is irrotational, the velocity may be represented as the gra-
dient of a scalar velocity potential OÁ. The inviscid � ow is governed
by the well-known unsteady full potential equation, i.e.,

r2 OÁ D 1
Oc2

@2 OÁ
@t 2

C 2r OÁ ¢ r @ OÁ
@t

C 1
2

r OÁ ¢ r.r OÁ/2 .1/

where Oc is the local speed of sound equal to
p

.° Op= O½/ and O½ and
Op are the static density and pressure, respectively.We note that the
equationis hyperbolicin time and nonlinearin the unknownvelocity
potential OÁ.

B. Viscous Inner Flow
We consider only low-speed � ow. For simplicity and computa-

tional ef� ciency, we assume that the inner viscous � ow is incom-
pressible. Thus, the conservationof mass is given by

@ Ou
@s

C @ Ov
@n

D 0 .2/

where Ou and Ov are the components of velocity in the directions
parallel (streamwise) and normal to the airfoil surface and wake
centerline and s and n are the distances parallel to and normal to
these surfaces, respectively.

Making the usual Prandtl thin boundary-layer assumptions, the
conservationof momentum in the streamwise direction is expressed
as
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where ½0 is the (constant) static density in the boundary layer, ¹
is the absolute viscosity, and the subscript e denotes outer � ow
quantities at the inner boundary.Note that s and n are de� ned with
respect to coordinatesattached to the airfoil surface.Thus, there is a
D’Alembert bodyforceon the right-handside of Eq. (3) arisingfrom
the motion of the airfoil (qa is the displacement of the airfoil in the
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streamwise direction). The pressuregradient term on the right-hand
side of Eq. (3) is given by
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@s
C @2qa

@t 2

´
.4/

Finally, ½0 Ou 0 Ov0 is the Reynolds stress due to turbulent velocity � uc-
tuations u 0 and v 0.

It will be convenient here to introduce a coordinate rescaling in
the normal direction. We let

s D s; ³ D n=l¤ .5/

where l¤ is a characteristic boundary-layer thickness, which may
vary with s, and is taken here to be approximately equal to O±¤, the
boundary-layer displacement thickness. This coordinate transfor-
mation permits us to use a relativelysmall numberof computational
cells in the normal direction, for example, on the order of 39 or less.

To reduce the number of unknowns in the momentum equation,
we introduce the stream function O9 . Thus,

Ou D @ O9
@n

; Ov D ¡ @ O9
@s

.6/

The velocities obtained is this way automatically satisfy the con-
tinuity equation (2). Next, we de� ne the nondimensional stream
function Of such that

Of .s; ³; t/ D O9 u0l
¤ .7/

where u0 is a characteristicvelocity taken here to be the magnitude
of the upstream far-� eld steady velocity V . Combining Eqs. (3–7)
gives
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where the primes denote differentiation with respect to ³ . Also, in
Eq. (8) we de� ne the following quantities:

L¤ D l¤ u0=º

and

Ob D 1 C O² D 1 C .Oºt=º/

where º and Oºt are themolecularand turbulentkinematicviscosities,
respectively.

In this investigation, a slightly modi� ed Spalart–Allmaras22 tur-
bulence model (their version Ia) is used to compute the eddy vis-
cosity term Ob (for a summary of the model, see the Appendix of
Ref. 22). The original Spalart–Allmaras model is a one-equation
transport equation derived using a combination of empiricism and
physical modeling. Again, we make the usual Prandtl boundary-
layer assumptions to convert the turbulence model to a boundary-
layer form. The Spalart–Allmaras model incorporates a trip func-
tion, which requires the user to specify a boundary-layer trip point
on the airfoil; we place trip points just aft of the stagnationpoint on
both the pressure and suction surfaces.

We have found that, in some cases, the turbulent viscosity ºt

becomes too small near theouter edgeof the boundarylayer,causing
numericaldif� culties.Therefore,we set the turbulencein this region
to max.ºt SA; ®º O±¤ Oue/. The second of these two terms is similar in
form to the Cebeci–Smith23 turbulence model, but the coef� cient ®
used in the present study is considerably smaller than that value of
0.0168 used in the Cebeci–Smith model; we choose ® large enough
to suppress spurious oscillations at the outer edge of the boundary
layer but small enough not to affect signi� cantly the solution.

C. Boundary Conditions
Boundary conditions are required to complete the problem spec-

i� cation. On airfoil surfaces, the no-slip condition applies. This
requires that at ³ D 0

Of D Of 0 D 0 .9/

Similarly, the turbulent viscosity is prescribed to be zero on the
airfoil surfaces. Also, we require that the velocities and turbulent
viscosity be continuous across the centerline of the wake, i.e., at
³ D 0, where the upper and lower wake grids are connected.

At the edgeof the boundary layer, the velocity at the outer bound-
ary of the inner region must match the potential edge velocity at the
inner boundary of the outer region, so that

u0
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.10/

In other words, the potential velocity at the airfoil surface is equal
to the boundary-layer velocity far from the airfoil surface, taken
here to be approximativelysix to nine times the characteristicthick-
ness l¤. The � ow in the stagnation region is assumed to be lam-
inar. Hence, in the steady case, the � ow is similar and the quan-
tity ±¤[.@ue=@s/=º]1=2 is a constant equal to approximatively0.648
(Ref. 23). For the unsteady � ow, the � ow in the stagnation region
at the stagnation point is assumed to be quasisteady. Whereas the
position of the trip point may affect both the steady and unsteady
solutions, in the present study this effect is not investigated. The
level of freestream turbulence in the � ow is simply assumed to be
large enough so that the � ow trips immediately after the stagnation
region. At points aft of the trip point, the turbulent viscosity is set
to a small but nonzero value at the edge of the boundary layer.

The in� uence of the inner viscous � ow on the outer inviscid � ow
is modeled with an injection boundary condition on the surface of
the airfoil, i.e.,
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where Or is thedisplacementof theairfoilnormal to theairfoilsurface.
A similar condition is applied on either side of the wake. On the
suction surface side of the wake, we have
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where Orw is the displacement of the wake centerline normal to an
original reference position. Similarly, on the pressure surface side,
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To provide closure for the wake position, and to provide the viscous
equivalent of a Kutta condition, we require that Orw be equal to the
displacementof the trailing edge normal to the reference wake line.
We also impose a pressure jump across the wake that takes into
account the curvature of the wake centerline.

Upstream and downstream of the cascade, � ow periodicity is
enforced. In the case of unsteady � ows, the unsteady � ow pertur-
bations satisfy a complex periodicity condition that requires that
� ow perturbationsbe equal in magnitude from one blade passage to
the next, but shifted in phase by the interblade phase angle ¾ . This
complex periodicity condition allows the computational domain to
be reduced to a single blade passage.

Finally, far-� eld boundary conditions must be applied at the up-
stream and downstream boundaries of the inviscid outer � ow com-
putational domain. For steady � ows, the total pressure, total den-
sity, and circumferentialvelocity are prescribedupstream while the
mass � ux is prescribed downstream. For unsteady � ows, numer-
ically exact nonre� ecting boundary conditions are applied in the
conventionalanalysis.35

III. Steady and Linearized Unsteady Flow Solvers
In this section, we brie� y describe the conventional steady and

unsteady� ow solversandgive somecomputationalresults.We defer
until Sec. IV the main topic of this paper, that is, the use of reduced-
order modeling techniques.
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A. Linearization
The governing equations of unsteady � uid motion are nonlinear,

making them dif� cult to solve except by direct time-marching tech-
niques. However, we are interested in the onset of instabilities and
not the large-amplitude behavior. Thus, it is suf� cient to solve for
the unsteady � ow while disturbancesare still small. In this section,
we describe the linearizationof the unsteady � ow equations.

1. Outer Flow Linearization
To begin, we consider the potential outer � ow. To improve the

accuracy of the potential solver, a harmonically deforming compu-
tationalgrid that conforms to the motion of the airfoilwill be used.36

Thus, we make the coordinate transformation

x.»; ´; ¿/ D » C g.»; ´/ exp. j!¿/ (14)

y.»; ´; ¿/ D ´ C h.»; ´/ exp. j!¿/ (15)

t .»; ´; ¿ / D ¿ (16)

where » and ´ are coordinates attached to the deforming computa-
tional grid and g and h are the complex amplitudes of the harmonic
displacementof the grid in the x and y directions,respectively.Sim-
ilarly, the unsteady potential � ow is decomposed into a nonlinear
mean � ow potential 8 and a linear unsteady perturbation potential
Á, so that

OÁ.»; ´; ¿ / D 8.»; ´/ C Á.»; ´/ exp. j!¿/ .17/

Substitutionof these perturbationseries into the full potential equa-
tion (1) and collectionof terms of zerothand � rst order in the pertur-
bation quantitiesproduces the desiredsteady and unsteadypotential
equations. The steady � ow is governed by

r 028 D .1=C2/ 1
2
r 08 ¢ r 0.r 08/2 .18/

where r 0 is the gradient operator .@=@»; @=@´/T . Similarly, the lin-
ear equation for the complex amplitude of the disturbancepotential

r 0 ¢ Rr 0Á ¡ r 0 ¢ [.R=C2/.r 08 ¢ r 0Á C j!Á/r 08]

¡ .R=C2/. j!r 08 ¢ r 0Á ¡ !2Á D d.»; ´/ (19)

where R and C are the steady � ow density and speed of sound,
respectively,and d is an inhomogeneousterm arising from the blade
motion and resulting grid deformation.

2. Inner Flow Linearization
Similarly, the boundary-layer equations and turbulence model

equations are linearized by letting

Of .s; n; ¿/ D F.s; n/ C f .»; ´/ exp. j!¿/ (20)

Ob.s; n; ¿ / D B.s; n/ C b.s/ exp. j!¿/ (21)

Oue.s; ¿ / D Ue.s; n/ C ue.s/ exp. j!¿/ (22)

O±¤.s; ¿/ D 1¤.s/ C ±¤.s/ exp. j!¿/ (23)

Substitution of these assumptions into the boundary-layer equa-
tion (8), and again collecting terms of equal order, gives the steady
and linearized unsteady boundary-layer equations. The steady
boundary-layerequation is given by
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The linearized unsteady boundary-layerequation is
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A similar linearization of the modi� ed Spalart–Allmaras turbu-
lence model has been performed, but the results are omitted here
because of their complexity.34 Finally, the boundary conditions de-
scribed in Sec. II.C are linearizedin a completelyanalogousfashion.

B. Numerical Solution Technique
The numerical solution procedure is a two-step process. First,

the steady nonlinear � ow is computed. An outer inviscid H-grid of
quadrilateral elements (Fig. 1a) is generated using a combination
of algebraic and elliptic grid generation techniques. The nonlinear
steady full potential equation (1) is discretized using a variational
� nite element method developed by Hall36 that is based on a varia-
tional principle for compressible � ow proposed by Bateman.37 The
inner viscous grid is generated algebraically, and is rectangular in
the .s; ³ / coordinate system (Fig. 1b). The Keller and Cebeci38 box
scheme is used to discretize the steady boundary-layer equation
(8). A central difference scheme is used to discretize the Spalart–
Allmaras turbulence transport equation.

Having discretized the inner and outer � ows, the two regions
are then coupled together through the matching boundary condi-
tions, which are discretizedusing a combinationof � nite difference
and � nite element techniques. The result is a large set of nonlinear
equations, which are solved using Newton iteration. Because the
discretized � ow model is strongly nonlinear, underrelaxationmust
be used in the initial iterations. Typically, on the order of 50–100
iterations are required to obtain converged solutions for � ows with
moderate to fairly large boundary-layerseparations.

In the second step of the solution procedure, the linearized po-
tential, boundary-layer,and turbulence transport equations and the
boundary conditions are discretized.Again, a combination of � nite
element and � nite difference techniques are used to discretize the
equations. The result is a set of linear equations of the form

Au D b .26/

where u is the vector containingthe unknown unsteady � ow pertur-
bation quantities, primarily the nodal values of Á on the outer grid
and f , f 0, and f 00 on the inner grid, plus some auxiliary variables
such as ±¤ de� ned at each streamwise station on the inner grid. The
matrix A is a large sparse, complex, non-Hermitian matrix that is
a function of the steady � ow solution and the prescribed frequency
! and interbladephase angle ¾ of blade motion. The vector b is an
inhomogeneous term arising from the prescribed blade motion.

Finally, Eq. (26) is solved using lower–upper (LU) matrix de-
composition with one forward and one backward substitution.This
approach is reasonably ef� cient with each linearized solution re-
quiring just a few minutes of CPU time on a modern workstation
computer.

C. Computational Results
Next, we present numerical solutionsof the steady and linearized

unsteady VII models. In particular, the � ow through a modi� ed
Tenth Standard Con� guration cascade is considered. The Tenth
Standard Con� guration is a generic compressor cascade geome-
try de� ned at the 6th International Symposium on Unsteady Aero-
dynamics and Aeroelasticity of Turbomachines.39 The airfoils in
the cascade have a circular arc camber line with 5% camber and a
slightly modi� ed NACA 0006 thickness distribution. The stagger
angle µ of the airfoils is 45 deg, and the gap-to-chordratio G is 1.0.
The in� ow angle of the lower-speed Tenth Standard Con� guration
is Ä D 55 deg, and the in� ow Mach number M is 0.7. However,
because the present investigation is limited to low-speed � ows, we
take the in� ow Mach number to be 0.3 and the in� ow angle Ä is
varied from 55 to 61.5 deg. The Reynolds number Rec based on
upstream velocity V and airfoil chord c is 105 .

Three composite computational grids are used in the computa-
tions (see Fig. 1). The coarse grid is composed of a 65 £ 17 node
outer H grid (65 in the streamwise direction and 17 in the cross� ow
direction), plus a 51 £ 39 node boundary-layer grid on the suction
surface and upper half of the wake and a 51 £ 37 node boundary-
layer grid on the the pressure surface and lower half of the wake.
The medium grid is composed of a 96 £ 22 node outer H grid,
plus 75 £ 39 and 75 £ 37 node boundary-layergrids. The � ne grid
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Fig. 2 Coef� cient of pressure of steady � ow through modi� ed Tenth
Standard Con� guration for different grids and different � ow solvers,
X = 60 deg.

is composed of a 126 £ 22 node outer H grid plus 102 £ 39 and
102 £ 37 node boundary-layergrids.

1. Steady Flow in a Low-Speed Compressor
We � rst consider the steady � ow through the cascade. The sur-

face pressure coef� cient on three different grids computed with the
VII � ow solver is compared in Fig. 2 with results obtained with
the Navier–Stokes analysis of Clark (see the Acknowledgments)
for the in� ow angle Ä D 60 deg. Also shown is the pressure co-
ef� cient computed using the inviscid � ow solver of Hall.36 The
Navier–Stokes � ow solver uses the same Spalart–Allmaras turbu-
lence model used in this investigation.The VII results demonstrate
that the solution is grid converged. Note that there are small dif-
ferences between the coarse and the � ne grid solutions but the
medium and the � ne grid solutionsare practically indistinguishable.
Hence, in all of the subsequentcalculationswe use the medium grid.
Figure 2 also shows good agreement between the present method
and the Navier–Stokes solver over most of the airfoil surface. On
the suction side of the airfoil, some small discrepanciesbetween the
two viscous solutions are seen, especially in the separation region,
near the trailing edge. Hence, the pressure level on the pressure sur-
face of the airfoil is also affected because the circulation about the
airfoil is � xed by the degree of � ow separation. Overall, however,
the present method gives quite acceptable solutions.

Figure3 shows thecomputedpressurecoef� cient,boundary-layer
displacement thickness, and skin-friction coef� cient of the surface
of the airfoil and in the wake for three different in� ow angles, Ä D
55, 60, and 61.5 deg. Note from the skin-friction plot that the � ow
is separated for all of these incidence angles, and the trailing-edge
separation point moves forward as the in� ow angle is increased.
Also, at the largest in� ow angle, a small leading-edge separation
bubble is seen.

2. Unsteady Flow in a Low-Speed Compressor
Next we consider the unsteady aerodynamic response of the cas-

cade due to pitching motion of the airfoils with � xed amplitude ®,
interbladephaseangle¾ , and frequency!.The pitchaxisof eachair-
foil is a point located near the midchord, .x=c; y=c/ D .0:5; 0:05/.
The reduced frequency of pitching motion, de� ned by N! D !V=c,
where V is the magnitude of the upstream relative velocity, is 1.0.
Shown in Fig. 4 are the real and imaginary (in-phase and out-of-
phase) components of the unsteady aerodynamic pitching moment
acting on the reference airfoil and measured about the pitch axis
for several different in� ow angles Ä at two reduced frequencies,
N! D !c=V for a range of interblade phase angles ¾ . In our nota-
tion, a tuned cascade will be aeroelastically unstable whenever the
imaginary part of the moment is positive, that is, the aerodynamic

Fig. 3 Computed surface quantities for steady � ow through modi-
� ed Tenth Standard Con� guration; top to bottom: pressure coef� cient,
boundary-layer displacement thickness, and skin friction coef� cient.

damping is negative. Note that the (viscous) cascade is generally
less stable at the lower reduced frequency ( N! D 0:5), and there
is a dramatic decrease in stability as the incidence increases. This
instability may be properly called stall � utter because there is a
signi� cant loss in stability with only a small change in incidence.
Furthermore, this loss in stability is coincident with the rapid in-
crease in � ow separation.Although not shown here for all different
in� ow angles, an inviscid analysis predicts the rotor to be aeroelas-
tically stable over the range of parameters examined. These results
are qualitatively similar to ones obtained by Clark and Hall.40

IV. Reduced-Order Modeling
A. Theory

Except for the nonre� ecting boundaryconditionsin their original
form, all of the terms in the discretized time-linearized equation
(26) are quadratic in the frequency !. The terms arising from the
far-� eld boundaryconditionsare approximatedby a quadraticcurve
� t over a speci� ed frequency range 0 · ! · 1 in our analysis. The
resulting matrix equation is given by

A0 C j!A1 C !2A2 u D b .27/

where the matrices A0 , A1, and A2 are m £ m matrices that are
dependent on the mean � ow solution and the prescribed interblade
phase angle but independent of the excitation frequency !. The
vector b arises from the prescribed blade motion. In this form, it is
clear that the � uid dynamic stability of the system is governed by
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a) Å! = 0.5 b) Å! = 1.0

Fig. 4 Real and imaginary parts of the aerodynamic pitching moment due to pitching of the airfoils about a point near their midchords.

a second-order eigenvalue problem in !. The aeroelastic stability
problem, on the other hand, is determined by the particular solution
of Eq. (27).

For many applications,it will be convenientto constructreduced-
order models of the unsteady � ow. Toward that end, we compute
thedominant(low-frequency)eigenvaluesandcorrespondingeigen-
modes of the the homogeneouspart of Eq. (27) and use the eigenin-
formation to form low-degree-of-freedommodels. To start, we � rst
convert Eq. (27) from a second-order equation in ! to a � rst-order
equation by de� ning the state vector

U D
j!u
u

.28/

Thus, Eq. (28) may be rewritten as

AU ¡ j!BU D Nb .29/

where

A D G 0
A1 A0

; B D 0 G
A2 0

; Nb D 0
b

and where G is any nonsingularmatrix but is usually taken to be A0.
The homogeneous solutions for i D 1; 2; : : : ; 2m of Eq. (29) are
solutions of the eigenvalue problem

Axi D ¸i Bxi .30/

By convention,we order the eigenvalues from smallest to largest in
magnitude. Equation (30) may be expressed more compactly by

AX D BX K .31/

where X is a matrix whose i th column is the eigenvectorxi and K is
a diagonal matrix whose i th entry is the corresponding eigenvalue
¸i . Similarly, the left eigenvalue problem is de� ned by

AT Y D BT Y K .32/

Finally, it canbe shownthat the left and righteigenvectors,if suitably
normalized, satisfy the biorthogonalityconditions

YT BX D I; YT AX D K .33/

Next, to � nd the particular solutions to Eq. (29), we use the right
eigenvectors as basis functions, i.e., we let

U D Xw .34/

where w is a vector whose i th entry describes how much of the i th
eigenmode is present in the solution. Therefore, Eq. (29) becomes

AXw ¡ j!BXw D Nb .35/

Next,we premultiplyEq. (35) by the left eigenvectorsY. Makinguse
of the biorthogonalityproperties of the left and right eigenvectors,
the result is a set of 2m uncoupled scalar equations of the form

¸i wi ¡ j!wi D ·i ; i D 1; 2; : : : ; 2m .36/

where ·i is the so-called participation factor given by yT
i

Nb. Finally,
solving for all of the wi and combining with Eq. (34) gives the
desired solution

U D
2m

i D 1

wi xi D
2n

i D 1

·i

¸i ¡ j!
xi .37/

In principle,Eq. (37) is exact because all of the eigenmodes have
been used and, except in degenerate cases, the eigenvectors form a
complete basis. In practice, however, one would truncate the series
retaining only the dominant low-frequency eigenmodes. Thus, the
sum is truncated at i D k, where k ¿ 2m. Using this approach,
however, one � nds that the computed solution may differ signi� -
cantly from the exact solution, even though j¸k j À !. Therefore, to
improve the estimate of the solution,we use the method of multiple
static corrections.A simple algebraicmanipulationof Eq. (37) gives

U D
2m

i D 1

³
j!

¸i

´Mc
·i

¸i ¡ j!
xi C

Mc

r D 1

. j!/r ¡ 1Ur
static .38/

where Mc is the number of static corrections and

AU1
static D Nb
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and for r > 1

AUr
static D BUr ¡ 1

static

For a derivation of the method of multiple static corrections, see
Ref. 34.

Note that the � rst series in Eq. (38) is identical to the series in Eq.
(37) with each term multiplied by . j!=¸i /

Mc . Thus, the � rst series
in Eq. (38) will converge more quickly than the series in Eq. (37).
Furthermore, the static correction terms Ur

static can be ef� ciently and
repeatedly computed if the matrix A has been decomposed into LU
factors.

Finally, construction of reduced-order models as just described
requires that a large, sparse, complex, nonsymmetric, generalized
eigenvalue problem be solved. The authors have implemented
a generalized nonsymmetric Lanczos algorithm with full reorthog-
onalization.34 For both the eigensolverand the reduced-ordermodel,
thequadraticnatureof theequationsis takenintoaccount,improving
the ef� ciency of the algorithms. For example, the problems consid-
ered in this paper solved on the medium grid have around 26,000
degrees of freedom. Using one processor of a Silicon Graphics Ori-
gin 2000 computer, a single conventionalunsteady � ow calculation
(a single interblade phase angle and frequency) requires about 160
CPU s. By way of comparison, approximately 360 s of computer
time was required to generate a single reduced-ordermodel (a sin-
gle interbladephase angle). However, once computed, the unsteady
aerodynamic response can be computed in less than 1 s for each
desired reduced frequency.

B. ComputationalResults
1. Eigenvalues and Eigenmodes of the Unsteady Flow

Shown in Fig. 5 are the eigenvalues of the unsteady � ow for the
cascade described in Sec. III.C for the case where the steady in� ow
angle is 55 deg. Shown are the eigenvaluesof � uid motion for seven
different interblade phase angles. All of the eigenvalues are in the
left half plane, indicatingthat the system is � uid dynamicallystable.

Fig. 5 Eigenvalues of low-speed unsteady � ow about cascade for vari-
ous interblade phase angles, X = 55 deg.

(This does not preclude the possibility that the system is aeroelas-
tically unstable as in Fig. 4a.) For low-frequency excitations, e.g.,
N! · 1, the dynamic response of the � uid will be dominated by the
two eigenvalue clusters located just to the left of the origin near the
real axis. The least stable of the eigenvalues in this group corre-
sponds to smaller interblade phase angles. Also note the generally
vertical line of eigenvaluesto the left. These eigenvaluesare thought
to form a discrete representationof a branch cut in the aerodynamic
transfer function.15

The behavior of the eigenvalues as the in� ow angle is increased
is of some interest because at large incidencesthe � ow may become
� uid dynamically unstable. In particular, one would expect to see
evidence of a linear instability related to rotating stall as the in� ow
angle is increased. Shown in Fig. 6 are the eigenvalue loci for an
in� ow angle Ä of 61.5 deg. Note the dramatic change in the form of
the two primary loci located near the origin. The two loci are now
located very near the origin, one above the real axis and one below.

Of particular interest are the low interbladephase angle eigenval-
ues appearing in the cluster nearest the origin. Consider, for exam-
ple, the two ¾ D ¡45 deg eigenvalues.One has a positive frequency
(positive imaginary part) and a slow decay rate (small negative real
part). The positive frequency in combination with a negative in-
terblade phase angle implies a wave moving in the rotor frame op-
posite the direction of rotation. The phase speed Vp is equal to
¡Im.¸/G=¾ , where G is the blade-to-bladegap. For this example,
the phase speed is approximately 0.194 times the relative in� ow
velocity V . Similarly, the phase speed of the lightly damped ¾ D
¡90 deg mode is 0:144 £ V . Although the modes are not unstable,
these lightly damped modes are likely the modes that will initi-
ate rotating stall at higher incidence angles. To illustrate this point,
Fig. 7 shows an expanded view of the eigenvalues near the origin
for different interblade phase angles as the in� ow angles Ä varies
from 55 to 61.5 deg. Note that the least stable eigenvalue moves to
the right as the incidence is increased.Extrapolating,it appears that
this mode will become neutrally stable at an in� ow angle of around

Fig. 6 Eigenvalues of low-speed unsteady � ow about cascade for vari-
ous interblade phase angles, X = 61:5 deg.
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Fig. 7 Eigenvalues of low-speed unsteady � ow about cascade for vari-
ous in� ow angles and interblade phase angles.

Fig. 8 Top, left to right, steady � ow quantities: displacement thickness
D ¤ (exaggerated for clarity) and inviscid streamfunction W inv for cas-
cade operating at X = 61:5 deg. Bottom, left to right, unsteady � ow
quantities: displacement thickness D ¤ ++ ± ¤ e¸t (exaggerated) and invis-
cid streamfunction W inv ++ Ãinve¸t (exaggerated).

62.3 deg resulting in a phase speed of 0:229 £ V for the neutrally
stable eigenmode. Unfortunately, we were unable to test this hy-
pothesis because the steady � ow solver did not converge at high
in� ow angles. Figure 8 shows the computed unsteady eigenmode
corresponding to this eigenvalue for an in� ow angle Ä of 61.5 deg.
This eigenmode is qualitativelysimilar to the model of rotating stall
proposedby Emmons et al.,41 with a stall cell rotating circumferen-
tially through the cascade in the direction opposite to the direction

Fig. 9 Amplitude and phase of pitching moment for airfoils pitching
about a point near midchord for a range of reduced frequencies, X =
61:5 deg: reduced-order model with three static corrections at , ¾ = 45
deg; ±, ¾ = 90 deg; D , ¾ = 135 deg; and r , ¾ = 180 deg; ——, exact
solution; reduced-order model for ¾ = 90 deg case with /, zero, and ,
one static correction.

of rotation (in the rotor frame of reference) at a fraction of the rel-
ative in� ow velocity. Note that the streamlines are slightly diverted
aroundthe thepassageswith the largest� ow separations.This causes
the incidence to increase on the airfoils above the blockage and to
decrease on the airfoils below the blockage. This in turn causes the
separation to grow on the airfoils above and diminish on the air-
foils below. Thus, the pattern tends to propagate upward through
the cascade.

2. Reduced-Order Models of the Unsteady Flow
Next we construct a reduced-order model of the unsteady � ow-

� eld using the eigeninformation found in the preceding section. In
particular,we considerthecasewhere the in� owangleÄ is 61.5 deg,
and the interblade phase angle ¾ varies from 45 to 180 deg. For
each interbladephase angle considered,a new reduced-ordermodel
must be constructed.For the cases presented here, a frequency shift
!0 D 0:5 is used, and all of the eigenmodes with reduced eigenval-
ues .¸c=V / within a radius of 1.5 of j!0 are considered.Shown in
Fig. 9 are the computed amplitude and phase angle of the pitching
moment for the cascade, where the airfoils pitch with different in-
terbladephase anglesand for a rangeof reduced frequencies.Shown
for comparison are the pitching moment computed using the direct
solver and the pitching moment computed using the reduced-order
model with zero, one, and three static corrections.Note that with no
static corrections, the reduced-ordermodel does a very poor job of
predicting the moment, even at very low reduced frequencies.With
one static correction, the reduced-ordermodel results have a similar
trend as the exact solution,but are qualitativelydifferent, especially
away from the shift frequency !0 . With three static corrections, the
agreement is very good over the entire frequency range.

Some physical insight into why the aerodynamic damping be-
haves as it does (Fig. 9) can be gleaned by examination of Fig. 7.
Note that for Ä D 61:5 deg, the damping ratio of the eigenval-
ues decreases as the interblade phase angle ¾ goes from 45 to
180 deg. Hence, the correspondingeigenmodes,which are expected
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Real and imaginary parts of unsteady Unsteady displacement thickness
coef� cient of pressure

Fig. 10 Airfoils pitching about a point near midchord, X = 61:5 deg, ¾ = 90 deg, and Å! = 0:3.

to contribute signi� cantly to the aerodynamic response because of
the proximity of the eigenvalues to the prescribed vibratory fre-
quency [Eq. (38)], should have stronger resonant responses as the
interblade phase angle is increased. This is clearly seen to be the
case in Fig. 9. For example, the ¾ D 180 deg case, which corre-
sponds to the most lightly damped eigenvalue,also has a noticeable
peak in the amplitude of the aerodynamic response.

Conversely, for a � xed interblade phase angle ¾ of 90 deg, the
damping of the (low-frequency) eigenmode decreases substantially
with increasing in� ow angle Ä. Thus, the contributionof this mode
is expected to increase substantially, especially for vibratory fre-
quencies near the mode resonance. This may explain the dramatic
change in the aerodynamic response seen in Fig. 4a for a reduced
frequency N! of 0.5 as the in� ow angle is increased. For a reduced
frequency N! of 1.0, on the other hand, there are no eigenvaluesnear
the forcing frequency.Hence, the aerodynamicresponsewill be less
sensitive to the movement of the eigenvalues, as is seen to be the
case in Fig. 4b.

Figure 10 shows the real and imaginary parts of the unsteady co-
ef� cient of pressure and the unsteady displacement thickness com-
putedusing thedirectmethodand the reduced-ordermodel forpitch-
ing motion with a reduced frequency N! of 0.3. Again, the solution
computed with the reduced-ordermodel is in good agreement with
the direct solution, provided that three static corrections are used.
The implication is that both gross � ow features, e.g., the unsteady
pitchingmoment, and details of the unsteady� ow� eld, e.g., the dis-
placement, can be accuratelypredicted with reduced-ordermodels,
although the detailed � ow features may require more static correc-
tions.

V. Summary and Conclusions
A linearizedviscous– inviscidinteractionmodelof unsteady� ows

in cascades is presented. The outer inviscid � ow is modeled by
the full potential equation, which is discretized using a variational
� nite element method. The inner inviscid � ow is modeled by the
boundary-layer equations, with a one-equation turbulence model.
The inner � ow equationsare discretizedusing � nite differences.An

injection boundary condition is used to simultaneously couple the
inner and outer regions.

Two approachesare used to solve the discretizedunsteady small-
disturbanceequations, which describe the unsteady viscous � ow in
a cascade. Using the conventional approach, a large sparse matrix
equation is formed for each steady � ow condition, reduced fre-
quency, and interblade phase angle of interest, and then is solved
using LU decomposition. Alternatively, for each steady � ow con-
dition and interblade phase angle, one can compute the eigenfre-
quencies and corresponding eigenmodes of � uid motion by solv-
ing a large, sparse, complex, quadratic eigenvalue problem. Then,
using the resulting eigeninformation, one can construct low-order
reduced-ordermodels of the unsteady � ow.

A number of numerical examples were presented. For example,
the aerodynamicdampingfor torsionalvibrationsof the Tenth Stan-
dard Con� guration was examined using the conventionallinearized
unsteady � ow solver at four in� ow angles and two reduced fre-
quencies for a range of interblade phase angles. Furthermore, for
the highest incidence case considered (Ä D 61:5 deg), the aerody-
namic damping was computed for an interbladephase angle ¾ of 90
deg for a range of reduced frequencies.Generally, it was found that
the system was less stable at lower reduced frequencies and higher
incidences. These results are consistent with empirical trends for
torsional stall � utter.

Reduced-order aerodynamic models of the unsteady � ow� eld
were constructed.Importantly,thereduced-orderaerodynamicmod-
els are low-degree-of-freedommodels that are computationallyvery
ef� cient. The major computationalcost is in the computationof the
dominant eigenvalues and corresponding eigenmodes. Once these
havebeen computed,however, the computationalcost of computing
theaerodynamicresponseis minimal.It was foundthatveryaccurate
aerodynamicmodels can be constructedusing just two eigenmodes,
provided that the static correction technique is applied. The physi-
cal implication is that the unsteady aerodynamic response may be
thought of as composed of two parts: a quasisteady part plus a dy-
namic perturbation.The dynamic perturbation is dominated by the
response of just a handful of eigenmodes.
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Finally, the eigenvalues and eigenmodes of the linearized un-
steady � ow model provide important physical insight into the
physics of the unsteady � ow about the cascade of airfoils and may
prove useful for predicting the onset of � uid dynamic instabilities
such as rotating stall.

Acknowledgments
This work was supported in part by the NationalScience Founda-

tion under Grant CTS-9157908. The U. S. government has certain
rights in this material. We are grateful to William S. Clark, a Ph.D.
student at Duke University currently employed at Allison Engine
Company, for the Navier–Stokes analysis results used for the com-
parison shown in Fig. 2.

References
1Sisto, F., “Stall Flutter,” AGARD Manualon Aeroelasticity in Axial Flow

Turbomachines, Unsteady Turbomachinery Aerodynamics, edited by M. F.
Platzer and F. O. Carta, AGARD-AG-298, Vol. 1, Neuilly sur Seine, France,
1987, Chap. 7.

2Greitzer, E. M., “Surge and Rotating Stall in Axial Flow Compressors.
Part I: Theoretical Compression System Model,” Journalof Engineering for
Power, Vol. 98, April 1976, pp. 190–198.

3Moore, F. K., and Greitzer, E. M., “A Theory of Post-Stall Transients in
Axial Compression Systems: Parts I and II,” Journal of Engineering for Gas
Turbines and Power, Vol. 108, No. 1, 1986, pp. 68–76.

4Whitehead, D. S., “The Vibration of Cascade Blades Treated by Actuator
Disc Methods,” Proceedings of the Institution of Mechanical Engineering,
Vol. 173, No. 21, 1959, pp. 555–563.

5Whitehead, D. S., “Bending Flutter of Unstalled Blades at Finite De� ec-
tion,”AeronauticalResearch Council,Repts. andMemoranda3386,London,
Oct. 1962.

6Kaji, S., and Okazaki, T., “Cascade Flutter in Compressible Flow,”
Transactions of the Japan Society of Mechanical Engineers, Vol. 38, No.
309, pp. 1023–1033.

7Adamczyk, J. J., Stevens, W., and Jutras, R., “SupersonicStall Flutter of
High Speed Fans,” Journal of Engineering for Power, Vol. 104, No. 3, 1982,
pp. 675–682.

8Gysling, D. L., and Myers, M. R., “A Framework for Analyzing the
Dynamics of Flexibly-Bladed Turbomachines,” 41st American Society of
Mechanical Engineers (ASME) International Gas Turbine and Aeroengine
Congress and Exposition,ASME Paper 96-GT-440, Birmingham, UK, June
1996.

9Dowell, E. H., “A Simple Method for Converting Frequency Domain
Aerodynamics to the Time Domain,” NASA TM-81844, Oct. 1980.

10Peterson, L. D., and Crawley, E. F., “Improved ExponentialTime Series
Approximation of Unsteady Aerodynamic Operators,” Journal of Aircraft,
Vol. 25, No. 2, 1988, pp. 121–127.

11Eversman, W., and Tewari, A., “Consistent Rational-Function Approx-
imation for Unsteady Aerodynamics,” Journal of Aircraft, Vol. 28, No. 9,
1991, pp. 545–552.

12Eversman, W., and Tewari, A., “Modi� ed Exponential Series Approx-
imation for the Theodorsen Function,” Journal of Aircraft, Vol. 28, No. 9,
1991, pp. 553–557.

13Dunn, H. J., “An Analytical Technique for Approximating Unsteady
Aerodynamics in the Time Domain,” NASA TP-1738, Nov. 1980.

14Mahajan, A. J., Dowell, E. H., and Bliss, D. B., “EigenvalueCalculation
Procedure for Euler/Navier–Stokes Solvers with Application to Flows over
Airfoils,” Journal of ComputationalPhysics, Vol. 97, No. 2, 1991, pp. 398–

413.
15Hall, K. C., “Eigenanalysis of Unsteady Flows About Airfoils, Cas-

cades, and Wings,” AIAA Journal, Vol. 32, No. 12, 1994, pp. 2426–2432.
16Hall, K. C., Florea, R., and Lanzkron, P. J., “A Reduced Order Model

of Unsteady Flows in Turbomachinery,” Journal of Turbomachinery, Vol.
117, No. 3, 1995, pp. 375–383.

17Florea, R., and Hall, K. C., “Reduced Order Modeling of Unsteady
Flows About Airfoils,” Aeroelasticity and Fluid Structure Interaction Prob-
lems, AD-Vol. 44, edited by P. P. Friedman and J. C. I. Chang, American
Society of Mechanical Engineers, New York, 1994, pp. 49–68.

18Romanowski, M. C., andDowell, E.H., “Using Eigenmodes to Forman
Ef� cient EulerBased Unsteady Aerodynamics Analysis,” Aeroelasticity and
Fluid Structure Interaction Problems, AD-Vol. 44, edited by P. P. Friedman
and J. C. I. Chang, American Society of Mechanical Engineers, New York,
1994, pp. 147–160.

19Romanowski, M. C., and Dowell, E. H., “Aeroelastic Analysis of an
Airfoil Using Eigenmode Based Reduced Order Unsteady Aerodynamics,”
Proceedings of the AIAA/ASME/ASCE/AHS/ASC 36th Structures, Structural

Dynamics, and Materials Conference and AIAA/ASME Adaptive Structures
Forum (New Orleans, LA), Pt. 3, AIAA, Washington, DC, 1995, pp. 1863–

1870 (AIAA Paper 95-1380).
20Cizmas, P. G., and Hall, K. C., “Computation of Steady and Unsteady

Viscous Flows Using a Simultaneously Coupled Inviscid-Viscous Interac-
tion Technique,” Journal of Fluids and Structures, Vol. 9, No. 6, 1995, pp.
639–657.

21Cizmas, P. G. A., and Hall, K. C., “A Viscous-Inviscid Model of Un-
steady Small Disturbance Flows in Cascades,” AIAA Paper 95-2655, July
1995.

22Spalart, P. R., and Allmaras, S. R., “A One-Equation Turbulence Model
for Aerodynamics Flows,” La Recherche Aérospatiale, No. 1994-1, 1994,
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